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Abstract
A simple model dedicated to prevention or mitigation of low-temperature cracking in asphalt pavement is discussed in this paper. 
Having defined minimum temperature distribution in asphalt concrete pavement qualitative considerations on distribution of 
material stiffness are performed. As a result closed-form mathematical formulas allowing to reduce tensile stresses due to 
temperature drop are proposed in this approach.
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1. Introduction
Thermal load is one of the primary causes of pavement cracking [3,6,7,11,14]. Engineered layered system of a 
pavement is subjected to cooling driven shrinkage which may lead to the formation of regularly spaced transverse 
cracks [6,11]. When thermal stresses in a shrinking pavement reach the tensile strength of asphalt concrete (AC),
low-temperature induced cracks form across the width of a pavement. Such cracks usually form after an extreme 
cooling event with temperature drop below O-20 C and at least O-10 C drop per one day of cooling event [3,6,7].
Formed cracks allow for the infiltration of water, which results in rapid deterioration of a pavement especially during 
freeze-and-thaw cycles. Loss of continuity of a pavement structure yields in redistribution of stresses in adjacent to 
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the crack zone by change from positive to negative bending of a pavement cross-section. This scenario of events 
leads to progressive development of damage, loss of durability and affects the ride quality of a pavement. 
Typically in the Central Europe one day temperature oscillation for a winter cooling conditions result in
O10 -15 C drop of the temperature [3]. Frequently distress in pavements is observed, since the generated thermal 
stresses due to restraint reach the tensile strength of AC pavement. Prediction of the temperature distribution in 
function of time in the pavement structure allows then to derive thermal stresses. The present paper describes a 
simple method of estimating stresses due to temperature change during one-day cycle of typical cooling. Theory of 
elasticity [12] is used for estimation of stresses in the layered pavement structure. In low temperatures AC exhibits 
predominately elastic properties with reduced influence of viscosity phenomenon [1]. Obtained stresses compared to 
the tensile strength are then used to define maximum allowable stiffness of the selected material.
We analyze a homogeneous half-space as well as a typical three-layer pavement structure placed on a half-space
[5]. First we consider one-dimensional transient problem of heat conduction in cooling program [2] to evaluate 
temperature distribution across the structure. Obtained temperature field is treated as an input loading to an elasticity 
problem. Objective of the study is to analyze stress field in a pavement subjected to thermal load and use this 
information to formulate a criterion of choosing Young’s modulus for individual layer. Maximum tensile stress 
criterion is used with prescribed uniaxial strength of the AC material.
2. Transient heat transfer in a half-space
2.1. Formulation and solution of the problem
We consider a three-dimensional problem, which can be reduced to a one-dimensional problem of heat 
conduction for a half-space [2], as shown in Fig. 1. Initial temperature for the medium is assumed to be O0 C . The 
boundary surface 0x  is subjected to the prescribed temperature load given by a function of time  0 sinT tZ ,
which was selected to represent change of temperature (during one day) at the pavement surface for the winter 
conditions.
We formulate problem in the following way: find the temperature field  ,T x t satisfying the governing 
equation, and boundary and initial conditions:
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where O - thermal conductivity, W/m/K; U - density, kg/m3; wc - heat capacity, J/K/kg [2].
Fig. 1. The initial-boundary problem of half-space subjected to temperature.
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Solution of the problem may be achieved using the Laplace transform technique. Taking Laplace’s transform of 
equations (1)-(4) with respect to time, next solving an ordinary differential equation with respect to x , and then 
performing the inverse Laplace’s transform of the solution, we obtain the following result [2]:
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Obtained formula (5) for the temperature as a function of time and depth is then used for estimation of induced 
thermal stresses.
2.2. Analysis of temperature field in a half-space
For a rough estimate of the temperature distribution, the pavement and the substrate are treated as a homogeneous 
half-space. Material coefficient a involved in (1) is ranging from -7 14.5 10 su to -7 17 10 su , compare codes
[8,9,10]. For the calculations we chose the following values of other parameters: 0.85W/m/KO  , 31800kg/mU  ,
900J/kg/Kwc  which results in
-7 15.25 10 sa  u .
The temperature applied to the boundary is defined by function (2) in problem formulation. Assumed cooling 
conditions during one day are following: minimum temperature amplitude O0 15 CT   and frequency coefficient 
/ 86400sZ S (period of 24 hours). The resulting temperature distribution in time for the selected points in the 
half-space is shown in Fig. 2. In the top layer of the structure directly connected to the environment we observe the 
rapidest changes of the temperature. Change of temperature inside the half-space getting slower (delayed in time and 
dumped in value) when we select points deeper in the half-space. Distribution of the temperature is highly 
dependent on the thermal diffusivity coefficient a in (1), which includes influence of the ratio of the conductivity 
and the heat accumulation phenomenon [2,13].
Fig. 2. Evolution of temperature at selected depths.
Fig. 3. Temperature distribution across the medium at the selected instants.
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Distribution of the temperature in function of depth x for the selected time instants is shown in Fig. 3. In case of 
cooling during the first 12 hours significant part of temperature distribution can be approximated by a linear 
function [3,14]. At this stage of decrease of the temperature, critical change of temperature is governed by the 
boundary loading in top layers of the half-space. In case of heating (i.e. returning of the temperature load to O0 C )
the distribution of temperature evolves to be more nonlinear. After about 6 hours of heating maximum of the 
temperature drop moves into the lower layers of the half-space, but absolute value of the change is decreasing. For 
high enough depth x , temperature aims at the initial value (3), and its change is insignificant during the process. 
3. Stresses in a three-layer pavement subjected to a transient temperature field
3.1. Formulation and solution of the problem
An elastic three-layer pavement structure resting on an elastic half-space is subjected to temperature field 
 ,T x t , as shown in Fig. 4. We seek the components of stress tensor ı in the Cartesian coordinate system. Under 
the applied thermal load and symmetry of the problem all functions are dependent on one spatial variable x and 
time. Shear components of the stress tensor are zero, i.e. 0xy xz yzV V V   , which yields in null distortional strain 
when Hooke’s law for isotropic material is assumed [12]. The only non–zero displacement is the vertical direction 
x which implies only one component of strain tensor xxH to be non-zero.
The equilibrium equations for each layer and the substrate half-space are (only x variable is given in formulas):
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where 1xxV ,
2
xxV ,
3
xxV are stress functions in the first, second and third layer, accordingly, and
S
xxV defines stress in 
the substrate. Boundary and continuity conditions for the problem take the form:
 1 0 0xxV  ,    1 21 1xx xxV G V G ,    2 31 2 1 2xx xxV G G V G G   ,    3 1 2 3 1 2 3Sxx xxV G G G V G G G     . (7)
Solving differential equations (6) with conditions (7) we obtain null functions for the following stress components:
1 ( ) 0xx xV  ,
2 ( ) 0xx xV  ,
3 ( ) 0xx xV  , ( ) 0
S
xx xV  . (8)
Using the Hooke’s law for isotropic material with thermal strain component [12] and applying 0yy zzH H  (null 
horizontal strain components) for all the layers we get:
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where 1,2,3,i S ; iD is the coefficient of thermal expansion for i-th layer, iE is the elastic modulus for i-th layer 
and Q is the Poisson’s ratio. Substituting (8) into (9) we get:
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where ( , )iT x tH is free thermal strain in i-th layer. Having defined temperature distribution  ,T x t distribution of 
lateral stresses (10) can be investigated.
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Fig. 4. Boundary value problem of the three-layer pavement resting on an elastic substrate.
3.2. Distribution of stresses in layered half-space due to temperature load
For the graphical representation of results (10) we consider the following typical data for perpetual pavement [4]:
1 5cmG  , 2 10cmG  , 3 8cmG  ,
1 9GPaE  or 1 12GPaE  , 2 14GPaE  , 3 12GPaE  , 2GPaSE  , 0.2Q  .
The thermal expansion coefficient D varies significantly due to changes of temperature [6,13] but we assume it 
constant (average) and for all layers equal to -5 O2 10 / Cu [7,14].
Fig. 5. Horizontal stresses at selected points of layers for stiffness of the top layer: a) 1 9GPaE  ; b) 1 12GPaE  .
Fig. 6. Distribution of stress across the layers for selected instants of time in case of stiffness 1 9GPaE  .
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For typical proportion of Young’s moduli for the layers, the extreme value of the lateral stress components occurs 
in the second layer [1,3,14]. For high stiffness 1E (comparable to the stiffness of the second layer) extreme value 
can also be located in the first layer. The maximum stress in layer 1 (directly exposed to the environment) is reached 
at the time in which the air temperature achieves its extreme value. In case of the two other layers the extreme
respond is delayed due to the insulation formed by the layer above, compare Fig. 5. Maximum difference between 
extreme values of stress for layer 1 and 2 reaches 1 MPa for the assumed data.
The distributions of lateral stress along the x axis for the first and the third layer is approximately linear, see 
graphs in Fig. 6. For the second layer distribution of lateral stress components differ significantly from a straight line 
for the ending of considered loading process, i.e. for time instants t in the interval from 20 h to 24 h. It is caused by 
transitional location of the second layer, placed between the first layer exposed to the environment and the third 
layer where change of temperature is low (as x tends to infinity the temperature reaches the reference limit O0 C ).
4. Distribution of stiffness in pavement structure
Result for the horizontal stresses (10) obtained in a closed mathematical form is a simple formula, which can be 
used to define the design requirement. Generated tensile thermal stresses should be less than the tensile strength of 
AC material used in each layer for any time instant of cooling:
( , )i iTx t fV d . (11)
In order to design stiffness distribution in pavement layers we can calculate the envelope of the temperature 
distribution given by (5) and then calculate the envelope of the lateral stresses using (10). Assuming generated 
stresses to be equal to the tensile strength Tf across the structure we can derive the following relationship:
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Formula (12) defines maximum allowable stiffness of AC used in structural design of a pavement. Minimum of the 
Young’s modulus calculated from (12) for the regarded layer can be used as an estimate of desired stiffness. 
Obtained stiffness is dependent on the temperature distribution  ,T x t and material parameters: iD , iTf , Q for 
each AC layer (here constant Poisson’s ratio is assumed, but it can be different for each layer). 
Distributions of stiffness at selected instants of time during cooling process with assumed tensile strength of 
value 5MPaiTf  , and 
-5 O2 10 / CiD  u , 0.2Q  are presented in Fig. 7. According to solutions (12) and (5) the 
distribution of Young’s modulus given by formula (12) is an increasing function of x variable (depth). Selection of 
the critical time instant (resulting in maximum tensile stress) for a point in layer can give optimum prediction of 
allowable stiffness at that point.
Fig. 7. Distribution of stiffness in layers for selected instants of time.
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In order to propose more effective for use criterion for selection Young’s modulus for each layer due to the 
temperature drop event we can draw qualitative conclusions from distributions shown in Fig. 5 and Fig. 6. Based on 
the time and spatial distribution of the lateral stresses we observe that the extreme stress in layer 1 occurs at its 
upper surface at a moment in which the extreme environment temperature is achieved 1 12ht  .The extreme tensile 
stress in layer 2 is reached at its top surface about two hours after the extreme environment temperature drop is 
reached 2 14ht  . Note that the extreme values of stresses for layers 1 and 2 are comparable in values. Additionally, 
the extreme stress in layer 3 occurs at its upper surface at 3 18ht  and it is approximately equal to half of the value 
of extreme stresses for layers 1 and 2.
Taking into consideration above conclusions and using relationships (5) and (12) we obtain following 
expressions for the Young’s moduli of each layer:
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In case of the third layer, half of the allowed stiffness was taken for the rough estimate, since for the perpetual 
pavements fatigue criterion requires decreasing of the stiffness in the layer [4]. The same values of the tensile 
strength and coefficient of thermal expansion were assumed in this study, but this assumption can be neglected in 
general case.
Table 1. Maximum allowable Young’s moduli for pavement layers.
No. 1G [cm] 2G [cm] 3G [cm]
1E [GPa] 2E [GPa] 3E [GPa]
1 4 8 6 13.3 16.4 12.2
2 4 12 6 13.3 16.4 14.8
3 5 10 8 13.3 17.2 14.04
4 5 12 9 13.3 17.2 15.6
5 6 12 10 13.3 18.1 16.4
An exemplary thickness and stiffness for each layer calculated according to criterion (13) are given in Table 1. 
The calculated values of stiffness change in a narrow range for the assumed typical conditions. Obtained stiffness of 
material in layer 1 depends on thickness and stiffness of layer 2. Results of application of the criterion (13) as a 
function of time are shown graphically in Fig. 8. Maximum stresses in the first and the second layer are equal to the 
assumed strength (11), while maximum stress in the third layer reaches 50% of the tensile strength.
Fig. 8. Stresses at the top and bottom of each layer for the case No. 3 given in Table 1.
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Fig. 9. Envelope for critical temperature during cooling event and envelope of maximum allowed stiffness.
5. Conclusions
Typical one day temperature oscillation for a winter cooling conditions frequently result in transverse cracking of 
AC pavement. To prevent or mitigate low-temperature cracking of pavements, a simple one-dimensional model was 
analysed to find critical loading conditions. Due to temperature drop, tensile stresses develop in a pavement 
structure, and high possibility of cracking in top layers occurs. The proposed simple method of designing stiffness 
distribution for the three-layer pavement result in simple formulas for evaluating Young’s moduli of the individual 
layer.
In Fig. 9 the envelopes of the critical temperature and envelope of the allowable stiffness in inhomogeneous 
pavement structure are presented. All other parameter involved in the solution are kept constant, but theirs variability 
can be included into the model (especially coefficient of thermal expansion [6,7]). Criterion of the maximum tensile 
stress for calculation of the stiffness was used. From the presented graph in Fig 9, it can be observed that the most 
fragile to thermal cracking are top layers of the pavement structure. The obtained simple formulas (12) can be used 
in the design practice to mitigate low-temperature cracking and enhance durability of pavements. Approximation of 
the critical temperature distribution can be used to simplify analysis [3,14].
The proposed procedure for stiffness selection can be easily extended on the transversally isotropic material. 
Application of this type of material can enhance reduction of stresses in the top layer of the pavement. For this 
purpose reduction of stiffness in the horizontal direction is required. Additionally, time dependence of the material 
parameters involved in the model should be included in further research [1,13].
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